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The authors have obtainedexact explicit dependences for calculating the thermal 
diffusivity from �9 temperatures of a material when heated by local heat 
sources of variable power. 

The objectives of increasing the information about and simultaneously simplifying the 
technology of a thermal experiment have motivatedimprovement of methods of determining the 
thermophysical characteristics of materials by using the laws of unsteady heat conduction. 
The present study brings the solution of the problem of determining the thermophysical pro- 
pertiesin two-dimensional geometry with heating of semiinfinite specimens by local heat 
sources of variable power to the development of the approaches used in [1-4]. 

With reference to the process of propagating heat in an orthotropic material we con- 
sider the following mathematical model: 
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which occurs, for example, in heating of a half space by local heat sources (distributed or 
concentrated). 

00 

With the help of the integral transforms of Laplace T(r, z, s) = lexp(-sT)T(r, z, T)dT 
O 

and Hankel T(p, z, s) = [ rJo(pr)T(r, z, T)dr the solntion of the system (1)-(2") can be re- 
0 

represented in the form 

S 

V~r~z o / ~/ P~-F -L-s 
ar 

where q(p, s) = j rJo(pr)q(r, s)dr. For heat sources concentrated in a neighborhood of 

radius Ro, uniformly distributed Within a neighborhood of radius Ro, and concentrated at a 

point, respectively, the following expressions occur for q(p, s): --~--(s-~-J 0 (pRo), Q(s) 
J1 (pRo), 

2 ~  ~RoP 
Q(s) , w h e r e  Q(s )  i s  t h e  power  o f  t h e  h e a t  s o u r c e .  
2n 
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TABLE i. Results of Estimates of Parameters a r and n from 

"Exact"Original Data 

"~k' $e.C 

0,4 
0,8 
1,2 
1,6 
2,0 
2,4 
2,8 
3,2 
3,6 
4,0 
4,4 
4,8 

n~ from 
Tt, T~; T1, Ta 

--6,19 
8,00 
4,29 
3,85 
3,81 
3,83 
3,86 
3,89 
3,92 
3,95 
3,96 
3,97 

n, from [ a r. 1o., mg-/sec 
TI, Ts; I T,, T~ byr~, T,; ~h[byr~, Ta; 

10,20 I 8'6'106 
8,29 34,20 
4,67 10,85 
3,95 9,31 
3,84 9,44 
3,84 9,74 
3,86 10,02 
3,88 10,28 
3,91 10,49 
3,94 10,67 
3,96 10,77 
3,97 !0,84 

2,0.10 e 
36,23 
15,59 
9,73 
9,58 
9,79 

10,03 
10,26 
10,47 
10,64 
10,76 
10,83 

ar. lO", m2/$ec with n = l  

m byT,, T,; by r,,:r~ 

1,2-10~ 4,2- l03 
0, 60 0,78 
0, 63 0,72 
0,66 0,75 
0,69 0,78 
0,70 0,79 
0,7l 0,81 
0,72 0,82 
0,72 0,82 
0,72 0,83 
0,73 0,83 
0,73 0,83 

by T,, r, 

0 
0,86 
0,76 
0,79 
0,81 
0,83 
0,84 
0,85 
0,86 
0,86 
0,87 
0,87 

Allowing for Eqs. (5) and (3) the connection between the transforms of the temperatures 
T(0, zx, s) and T(0, z2, s) in the case of a source concentrated in a neighborhood of radius 

Ro can be written in the form 

q)(s)_ - T ( 0 '  Zl' 8) = 1]zg"~-R2 exp - -  s (]/'~]z~+Ro-t/~lz2_}_-l~g) (4) 
T (0, z... s) ,lz~ + R~ ~ 

Whence we have 

-',~,'2 V Z 2 

es 2 V ~  '~" 

After transferring to the originals, in accordance with [6] we obtain 

1 2 2)1/2 2 [ ] ar=- ' - -~ - - I ( ] ]Z l -J f -Ro  __ (I]Z2 _.t_ R2 )1/212 1~1 (T) 2, 
,~ (~) 

where 

(5) 

(6) 

~ T~ (~) ( 6 ' )  
1 ~T~('r--0)~ 1/0 r ('0 = ~ ~ ~d0;  

~o~ ('r) = y (x - -  20) Tx (0) T~ ( 'r-- 8) dO; (6" )  
0 

T, (0) = T (0, z .  0), T~ (0)---- T (0, z~, 0). 

Equation (6) relates the parameters a r and ~ explicitly with the measured temperatures 
at tw6 points on the symmetry axis, for arbitrary laws of time variation of the power q(~) 

of a heat source concentrated in the neighborhood Ro. 

In the case when n = i from Eq. (6)we can compute a set of values of the parameter 
a - a r for any previously given time intervals r i during the time tp, we can estimate the 
errors in determining a desired parameter and can check the correctness of representing the 
real situation by a linear model (condition of constancy of the thermophysical characteris- 

tics). 

When ~ # i, the value of the parameter ~ can be obtained if we know the measured tem- 
peratures at some point with coordinates r = 0, z = z3. In this case from Eq. (6) we have 

that 

- -  (~zi + R o )  = ~1 [Ti, T~,I *~ [Ti, Tj] _~ F~, 
OlZ~+ R~)~/2--(~lZ~q-Ro) '/2 *~[T~, Tk]*l[r~, TO] (7) 

i, ], k -= l ,  2, 3, v = I ,  2, 3, 
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TABLE 2. Results of Estimates of Parameters ar and q in the 
Presence of Random Errors in the Original Data 

~, SeC 

Parameter 
0,4 0,8 1,2 2,4 2,8 3,2 3,6 

' I t  by T~, T~; 
T1, Ta 

~ b y  7~x, Ta; 
T~, Ta 

aT-10~nZ/sec 
by T~, T~; % 

at" 10~,mZ/sec 
by T~, Ta; rl~ 

--6,2 
--6,2 
--6,2 
--6,2 
--6,2 
10,2 
10,2 
10,5 
I0,5 
I0,0 

5.104 
6.104 
6.104 
6. 104 
5. I04 
3.10~ 
3.10~ 
3.10~ 
3.10~ 
3. I0~ I 

8,0 
6,2 
8,4 
7,8 
7,3 
8,3 
7,5 
8,5 
8,3 
8,8 
3,42 
2,22 
3,71 
3,35 
2,92 
3,62 
3,08 
3,81 
3,71 
3,96 

1,6 2,0 

3,8 
3,9 
3,6 
3,8 
2,5 
3,8 
3,5 
3,5 
4,15 
2,2 
0,94 
1,00 
0,88 
0,92 
0,43 
0,96 
0,82 
0,83 
1,08 
O,35 

3,8 
5,4 
4,8 
2,7 
3,3 
3,8 
4,8 
4,3 
3,2 
2,9 
0,9 
1,7 
1,4 
0,5 
0,7 
0,9 
1,4 
1,2 
0,7 
O,C 

3,85 I 
5,0 
4,8 
2,9 
3,5 
3,85 
5,3 
4,9 
2,8 
3,4 

T 1,00 
1,62 
1,50 

3 0, 60 
3 0,85 
3 1,00 
3 1,74 
3 1,54 
l 0,58 
3 0,81 

3,9 
4,6 
4,1 
3,4 
3,4 
3,9 
4,9 
4,5 
3,1 
3,5 
1,02 
1,36 
1,15 
0,78 
0,80 
1,03 
1,51 
1,34 
0,70 
0,85 

4,0 4,4 

3,95 
4,5 
3,1 
3,5 
3,2 
3,95 
4,5 
3,4 
3,6 
3,1 
1,08 
1,35 
0,67 
0,86 
0,73 
1,08 
1,34 
0,80 
0,91 
0,71 

where ~[T L, Tk], ~2[T i, Tk], ~[T i, 
~2(T),: computed with the aid of Eqs. 
and T k. 

Tj], ~2[Ti, Ti] denote 
(6')-(6") according to 

integral combinations of ~(r), 
the appropriate pairs of T i, Tj 

From Eq. (17) using identical transformations we can obtain explicit expressions for 
estimating the )arameter n: 

4(1 -2 -- -- Z~ 

(8) 

o r  

4F v ~ (1 - -  F.)  z - z ~  -2 - + r ,  +-ib] 
~ 1 =  [z~'(1  z - 2  - 2  2 2 - 2 - 2  ' F,~) . z i - -  zhFv] - -  - -  4Fv z i z~ 

7~ = z d R o ,  7i = z / R o ,  zh = z d R o .  

(8') 

Thus, from the known pairs of values of Ti, Tj, Tk, using Eq. (8) or (8') we determine 
the parameter n for any previously given number of time intervals in the duration of the 
test tp. The set of estimates of the parameter ~ obtained can be used to analyze the con- 
vergence of the computed values to some constant value and to check the correctness of re- 
presenting the real situation by the linear model. 

We note that estimates of the parameter n can be used for various F v computed according 
to different combinations of pairs from Ti, Tj and T k. There are evidently two such inde- 
pendent estimates in this case. After the parameter n is determined the estimate of thermal 
diffusivity a r can be used in Eq. (6) along with any combination of the available Ti, Tj, 

T k . 

In the case of a local source concentrated at the origin of coordinates (a point source, 
using the above integraitransformations we can write the relation in Laplace transform 
space between the temperatures T(r~, z~, s} and T(r2, z2, s) in the form 

T(r~, z2, s) (~lz~ q- r~) ~/2 ex.p - -  ---~(-V~lz~ q-r~---V~z~-~ ~) , (9)  

where r~, z~, r2, z2 are coordinates of the points at which the temperatures were measured. 
From Eq. (9), in analogy with the case examined above, we obtain 
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Fig .  1.  O r i g i n a l  d a t a  f o r  comput ing  and r e s u l t s  o f  e s t i m a t e s  of  the  p a r a -  
m e t e r s  ~ and ar: I) source power; ll, III, IV) temperatures on the axis 
of symmetry (r = 0) at distances 0, 2 and 4 mm from the surface, respective- 
ly; i) ~: from T~, T=; T:, T~; 2) ~ from T~, T~, T=, T~; 3) arfromT ~, T=, 
q~; 4) af from T~, T3, ~. q, W/m, AT, K; at, m~/sec; ~, sec. 

ar = - ~ - - - [ ( ~ z t q - r , )  --(~lZ2q-r~)'/2lZ[ ~;2(x) J (i0) 

where ~x, ~= are computed from Eqs. (6') and (6") using as TI(0) and T2(0) the quantities 
T(rl, zx, 0) and T(r2, z2, 0), respectively. 

If n = i, from Eq. (i0) we can estimate the parameter a ~ a r for the chosen number of 
time intervals in the test. But if there is a basis for putting n r I, then to determine 

we can use Eq. (8), which postulates the presence of measured temperatures at three points 
with coordinates z:, z2, z3 and rx = r2 = rz = 0. But if the coordinates of the measured 
temperature points are arbitrary, then the parameter ~ can be determined from the relation 

(nz~ + d) ' / z -  (nz~ + r~) '/~ 
(nz~ + d) ' / ~ -  (ng + ~)'/~ 

-= ~1 [T (rl, zl, x), T (r3, z3, x)] ~ [T (r,, zl, x), T (r2, z2, x)] 

~ t tT(r l ,  zl, x), T (r~, z=, x)l ~2 [T (rl, zx, x), T (r,, z3, x)] 

which in general reduces to an equation of second order in the parameter n. 

When the half space surface is heated by a distributed heat source in the form of a 
disk of radius Re, in analogy with the cases examined above we can obtain a relation of 
the form 

T(0, z~, s) exp[-- ]//- s ' ~iX/=z~]--exp[-- V/" a~ Olz~4"R2~ 

(ii) 

(12) 

which relates the transforms of temperatures at the points zl and z2 on the symmetry axis 
(r  = 0 ) .  

I f  c l e a r l y  n = 1,  t hen  from Eq. (12) we can o b t a i n  c o m p a r a t i v e l y  s imp le  r e l a t i o n s  to 
d e t e r m i n e  the  t h e r m a l  d i f f u s i v i t y  f o r  c e r t a i n  z2 = f ( z ~ ) .  For  example ,  i f  z2 = 1 . 2 5 z l  + 
0.75(z~ + R~)X/2, then 

(13) 

where,(s) = T(0, zl, s)/T(0, z2, s). Differentiating Eq. (13) with respect to s, we have 

[ ~ ' ( s ) V ; l ' +  (z~+ P'~)'/~-(3z'--2zO ,r' 
' 2 V ~  (s) = 

(z~ - -  z l )  [(z~ + a ~ )  ~/~ - -  (2z~ - -  z01 

4a -I/s 
qD (S). (14) 
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After carrying out the differentiation in Eq. (14) and a number of identical transformations 
and transferring to the originals, we obtain a relation for determining the parameter a: 

th(1:)a+l/a (z~q-R~)~/2--(3z~--2z~)2 ~= (I:)__(Z2 - -  ~'1).4 -'[(Z=2 q_ R~)~/= _ ( 2 z ~ _  z~)] ~a (.0 = 0, 
(15) 

where 

T T 

~1(~)= 5 (a0 --1:) T~ (0) A (* - -  0) d0 - -  3 ( 1 5 ' )  0 2 S T2 (0)[ (-c-- 0) dO; 
0 

0 0 
/r (0) = .f (0 - -  2~) T~ (0 - -  ~) T; (~) d~; [ (0) ---- ~" (0 - -  2~) T~ (~) T2 (0 - -  ~) d~; 

0 0 
1 j ( 1 5 " )  r (1:) = ~ fz (0) [fl (1:.-- 0)--f ('~--0)1 dO; 

0 o 
[2 (0) = ~ T2 (~) d~; [3 (0) ----- ~ r~ (~) r~ (0 - -  ~) d~; 

0 0 
,g 

r (1:) ---- .[ [n (0) T 2 Or - -  0) dO; ( is"' ) 
0 

T,  (0) ~ T (0, z~, 0); T~ (0) ------- T (0, z,, 0). 
I f  q # 1 ,  f o r  t h i s  v a r i a n t  we w e r e  n o t  a b l e  t o  o b t a i n  r a t h e r  s i m p l e  e x p l i c i t  r e l a t i o n s  

t o  d e t e r m i n e  t h e  p a r a m e t e r s  a r and  n f r o m  t h e  m e a s u r e d  t e m p e r a t u r e s  i n  a s i n g l e  t e s t .  

B e s i d e s  t h e  r e l a t i o n s  p r e s e n t e d ,  c o m p a r a t i v e l y  s i m p l e  r e l a t i o n s  t o  d e t e r m i n e  a r and  q 
c a n  be  o b t a i n e d  when we a r e  u s i n g  t h e  r e s u l t s  o f  t e m p e r a t u r e s  m e a s u r e d  i n  s e v e r a l  t e s t s .  
F o r  e x a m p l e ,  i f  t h e r e  a r e  t e s t s  w i t h  l o c a l  s o u r c e s  c o n c e n t r a t e d  i n  n e i g h b o r h o o d s  o f  r a d i i  
Ro~ and  Ro2,  t h e n  w i t h  t h e  c o n d i t i o n  q l ( ~ )  = q a ( ~ )  f r o m  Eq. (3) f o r  t h e  p o i n t  r = 0 ,  z = z~ 
we o b t a i n  

1 
[~2 (~) J (16) 

where ~i, ~2 are calculated from (6')-(6"), and for T i and T= we use the results of measure- 
ments of temperatures at the point r = 0, z = z I in the first and second tests, respectively. 

If n 4 i. then to determine a r and ~ when measuring temperatures at only one point 
(r = ~, z = zl) we can use the experimental data obtained in one test with a source concen- 
trated in a neighborhood of radius Roa, and here it is postulated that q~(T) = q=(T) = qa(T). 
In the latter case to determine the parameter n a formula of the type of Eq. (8') is valid: 

4 (1 - -  F,,) F,, [z~ (1 - -  F,,) - - z  2 -+- F ~ , l  
~l* = [}2 (1 - -  F,~) 2 q--~ - -  F~2] z - -  4 (1 - -  F,,yz~z 2 '  

(17) 

_i - Roj/zj where ~* = n , where z i = Roi/zi, zj = , Zk = Rok/Zk, i, j, k = I, 2, 3. 

Comparatively simple explicit expressions to determine a r and ~ can be obtained when 

using the measured temperatures in several tests with different sizes of circular sources 
distributed within a neighborhood). For example, havingavailable data of two tests with 

qa(T) on the line r = 0 for z = zl, source dimensions Ri and R2, with the condition qi(T) 
z = z2 we have 

T,(O, z~, s) exp I -  V # +  ~l~/2zxI- -exp  I - V/- :,. (rlz2 "-{- R2)~/=l 

s, exp[ -- V r s--oT ,j2_1 2 j - -  exp [__ ~/I a~ (~Z22 ~- R22)1/2] 
(18) 

Evidently, if zl = 2z=, RI = 2R=, then 
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. F-F-] o ,,~_ ,]I {P(s)=exp [--z...']'/2,/' "-~ J [14-exp [-- /-~,. (1~l~24-R~--~l '-z.._,j,. 
q~ (s) ~ T, (0, zi, s)/T.,_ (0, ze, s). 

(19) 

For z~ = za = 0 it follows from Eq. (19) that 

2 ] / s s  r Jr 2 -1,/--'---'~ ' (20) 

whence, after differentiating and transferring to the originals, we obtain 

a , = - 7 -  ,=~(~) ' (21)  

where 

i 0 *x (x) = --~-~n T,(x "O)  ~[ tT=(~)-- Tx(~)l(O--~)-~/2 (21 ' ) 

~ (x) = y ('~ - -  20) T1 (0) T~ (~: - -  0) d O .  ( 2 t " )  
0 

And if z~, z= ~ 0, then 

] 2 | 2 n 2  \1/2_ _1/2_--1_--1/2 
(22) 

and after transferring to the originals we have 

I l(nz~+ R~) ':~ .~ /~ . ,~ :~z  I (nz~+ R~)'/2z~n'/-~(~) o, ~),{x)ar-]- ~ - [ - .  -~,'*r ~z(x) "t- ~ ---- (23) 

where ~x, ~2, ~3 are computed from Eqs. (15')-(15"'), and TI = TI(0, z~, ~), T2 - T2(0, z2, 
x). When ~ ~ i we can use Eq. (23) along with Eqs. (21) and (15) to determine the thermal 
diffusivity. But if the parameter q is unknown, we can proceed differently, depending on 
the volume of measured information. From Eq. (23) on the basis of the postulate that a r 
and q are constant it follows that 

Olz~ + R~) 1/2 + ~l X /2 z~ = '1i  l l -- (* l j~s i ) / (* l i * s j ) ]  

2 I/~, *~, [(,~,,,)/(,~,,,A- q -- p'' 
(24) 

D2~I/2--1/2Z 
(~Z~ -~- ~2/ . 2 '11 [1 - -  (*lj*=i)/(*lt*~j)] 

4ar *s (  [ (~s j*2t ) / (*3 i*~)  - -  11 ~- P2, 

w h e r e  t h e  s u b s c r i p t s  i and j r e f e r  t o  d i f f e r e n t  t i m e  i n t e r v a l s  o f  t h e  two t e s t s  ( w i t h  
s o u r c e s  o f  r a d i u s  Rx and R2 and  i d e n t i c a l  q ( r ) ) ,  o r  t o  a r b i t r a r y  t i m e  i n t e r v a l s  o f  two 
s e r i e s  o f  t e s t s  w i t h  d i f f e r e n t  q ( z )  i n  e a c h  s e r i e s .  I t  f o l l o w s  f r o m  Eqs .  (24)  and  (25)  
t h a t  

(25) 

After q is determined from Eq. (26) we can find a r from Eq. (23). 

(26) 
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If, besides the measured temperatures in two tests with source radii R~ and R2 (at 
points z = zl in the first first and z = z2 in the second), in these we measure temperatures 
at the points r = 0, z = 0, then the parameter a r is easily determined from Eq. (21), and 
the parameter ~ is determined directly from Eq. (23), which can be expressed relative to ~. 

Some of the relations obtained were confirmed by formulating a number of model problems, 
where as test data we used computed temperatures of a half space with heating by local 
sources of variable power. The data from one such numerical experiment are shown in Fig. 1 
and in Tables 1 and 2. In this experiment the radius of the local source concentrated in a 

neighborhood was 0.01 m, and the parameters ~r, ~z, ar, ~ were: ~r = 40 W-m-I.K -I, ~z = 
i0 W-m-I.K "I, a r = 0.iii.i0 ~4 m2,sec -I, n = 4;in the data reduction we used temperatures 

computed for the points with coordinates r = 05 zl = 0; z2 = 2 mm; z3 = 4 mm; the time step 

was 0.I sec. 

Estimates of the parameters a r and ~ were generated both as "exact" original data and 
as data containing random errors with a uniform distribution and a T = 0.0051T I. From the 
results shown in Table 1 it follows that estimates of the parameter ~ using different com- 

binations of Ti, T~, T k under the condition a T = 0 converge quite rapidly to the true value, 
equal to 4. The values of n (~, n2) obtained were used to compute two sets of estimates of 
the parameter a r. The values of the parameter a r appearing in both sets of estimates show 

very good interagreement and converge rather rapidly to the true values with increasing time 
of the test intervals used in the processing. Table 1 also shows estimates of the parameter 
a r obtained under the assumption ~ = i. As follows from the results shown in this case the 
computed values of a r differ appreciably from the true value, and in addition one observes 
a noticeable difference of the estimates obtained when different combinations of Ti, Tj, T k 
are used. 

The influence of interference containedin the experimental information is illustrated 
by the data of Table 2, where the first columns for each parameter contain estimates from 
the "exact" original data, and the remaining columns have data from different tests with 

a T = 0.0051T I. As can be seen from the results shown, the presence of random errors of 
"average" level allows us to obtain estimates of acceptable accuracy for the unkown parameters 

and a r even for comparatively short tests, which is due to some extent to the filtering 
properties of the integration process performed in the computed dependences. Naturally, in 
each specific case the level of reliability of the estimates obtained is determined by the 
behavior of the corridor of errors of the computed values of the desired parameters as a 

function of the length of the time intervals of the tests used to process them. This 
corridor in turn can be constructed by using simple algorithms to compute elements of the 
error matrix of the parameters estimated. 

NOTATION 

T, temperature; q, heat source power; r, z, spatial coordinates; T, 0, ~, time; a, ar, 
thermal diffusivity; %r, hz, thermal conductivity in the directions r and z; a, rms error 
of the measured temperatures; J~, Bessel function of order ~. 
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